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The thesis vhich I wish to present cnd defend in this paper is this: There
is & geometry which fits zrecigaly and noturplly the confisurations of the pure
viemal fleld, and thet geometry is not a Eaclidlan goometry ot a two_\-dimnsianal
elliptic, or Riomnannian, geometry. I shall present an elaboration and defenas
of this thesis, then attempt to Justify the statement thet this geometyry “fits
n: tarally® tho coafigurations of the “pure visnal *’ield". and finnlly ralate this
thesio to previous discussions of the coansction boatween geomatries and sensouy
fields. |
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Iy a "pure vieual ficld" I moan a kind of domein of objects vhich eny normel
person cen ba avere of and attend to wvhen his ayes sre opem - or more exactly,
wvhen one <{ his eyes ie oven, for I chall be concerrned in this aper only with

monocular vision. This fisld is tug-dimensiorel in the following gense: we

disrcgard any consideration of distapces betuesn the perceiver znd ohjects of the
fjold. TFor axdmple, the reletions of boing "msarer® or ®farther ciway? fron the |
parcejver, of being "in front of" or "bohind® cnother object where this entails
ono objects? being batyeen the perceiver and another objact, or of "bulzing
towrds"‘ or being "indonted away fron" the percoiver, are not considered. We
count as objects of the pure visual field only' such two-dinsnsional colored regiona
and shipes as a painteor might attend %o in getting 2 "good likeness" onto & two-
dimensional canves, |

In this pure visuval field, thsn, wa distinguish voints, lines and resions or
areae. - Bh‘.; the cracial determinationa whlch make thie field subject to geometrieal
lows are those which mensure pure visusl distance.. Fy "“visual distenco® we é.o not
netn the peychologist's "depth ve e¢apiion™, which involves cssessing & distance
betvecn the perceiver ond a vieuﬁl obgoct. Rether we maen the visual width {lemgth,

or distrnes) betusen two points in tha visual field. It is someuvhsat like the




Yapgular distonce” the astronomer measures betwesn ¢wo stars. VWhon we taink of
ancther porson measuring the angular distance, we think of ohserviang that person
from above, and noting the angle of the lins vhich travels from object A to the
pergor and then to object B. This engle we 1dsqt1fy vith the "visual" angle, end
its mecsure is the maagura of angular distrnes. 3But this vay of looking .at "visusl
distonce” ies mislecdirng; for uhat‘gg sce, vhen yg sea a visual distrnce is not a
bent line connecting ourself with each of two objects. ‘hat we gee is simply a
one-diractional visual extension (vidth, length, distence) between two visunl objecta.
These pure ﬁisual lengths nay be measured rigorously by instrumsnts ( and mecsured
ronghly witnou$ instrumeants), ani on the b2zie of gsuch measurements metrical.prﬂperw
tiee may be assigned to vieuel liner ard areca. Fixed units of visoel distance are
aas51ly establishad. |
Starting with this metrical concept of visusl distances, suitedly associated
vith distinct operations and instruments, it is possidle to give practisally
effective and rigorous difinitions of eircles and straight lines in the vienal fiald:

A circls is a closed line snch that all points on it are equidistent
from & point.

A lire segnent AB is giraight if and only if the distance frem end-voint
h to end-point B 1s equal to ths distance from A to any voint C on the
line, plus the distance from C to B.
From these definitions we may procesd to define angles, and @pecifically, right
angles, then triangles, quadrilatérala (closed figures with four stralght lines as
sides), rectangles (equianguler qnedril: terals), squares (equilateral rectangles)
end so oa. Note thet the definitions given ara all suitabls ' s well for plrne ?r
polld Zuclidian gaonetry, as long ac the word “distance" is left ambiguons.

Now the question arises vhether tho geometrical provositions which hold of the
objects of tne pure visnal field belon;; to Buclidian peometry or not. The answer is
plainly that they do not. Two dimensional Duclidian geometry includes such theorsus
as the following:

1. & straight line cannct be a circle.
2. Jdvery stroight line ig infinilely extendabdls.

3. Two straight lines intersoct ot most in ons point.
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5.
6.
7.

Two straight lines, cut by = third straight lins perpendicalar to both,
never intersect.

411 eguilsteral trisngles hnve the eems interior engles.
The sum of the interior mngles of a triangle oquals twvo right angles.,
The four angles of a rectengle are all right angles.

By procise necsurements of visnel distonce it s shown that nons of these

theorems hold for the straight linss, triangles and rectangles of the pare visnal

fleld. On the contrary,
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A gtraight line con be g ¢ircle. (i.e., a visnal etraight line can
be o closed 1line with all points on it equidistant from a polar poing
in the visnael field),

Jo straight 1ino is infinitely extendeble. (If we extend any straight
line segment in the visnel field, it eventually returns on itself.
It is thos finite, though unbounded).

Evory pair of atroicht 1lings intersect at two voints. (Imagine
standing in the niddle off e straight railrosd track on a vast plain.
The visugl lines associated with the two rails ere demonstrabdly
straight in every sogument - they avpesr porfectly atraight, not
carved, visually. Yet tnese visually straight lines meet at two
points vhichare ovpesite each other on the horizon, and they enclose
a subetintial rezion of the vieusl field.)

Iyo gtrelsht llnes, cot by o thixd straisht line vervepdicular $¢ both,
alwye intorsect. (The two rails, both avvsaring visvally straight,
are cut by the straight edge of the railroad tie ot our fest and thias
tie is perpendicnlar,visunlly, to both of them; yot the two visurl

" ralle intersect twice.)

%;1 equilateral trianzies 4o not hove the sawe interior snnzles.
Consider lerge visunl trianzles, like *hot betveen & strr doe east

on the horizon, a star due north on the korizon, and a ster directly
overhead. 1In this cace ogual visual streight lines connect the threae
stars, so the tricngle is equilaterial. Yet the angles zre all right
angles, and thus gre lerger than anzles of smeller squilntersl triasngles
vhich apvroach 60°). .

The sum of the interior angles of o triangle ere alueys grerter then
two riznt enples. (This was the cace in thé vasoal trinngle deneribed
above, and would be found to be the case for all other visunl tridngles
upon eorsful mecsurerent).

The four ansles of g rectangle are always larger tham right engles.
(This is clear if we messure tho visual angies - thet is, the angles
appoaring in the visual field - of, say, a picture frame if it is
vigually resctengular. It i3 not nscessary to use instruments to soe
t:is. U ecan aporonch & vidure frome so thnt the sfides zre not only
all straight, but the angles r re 211 visurlly equel. Yot the equrl
angles are &ll edcsciy» obtuse, visually.) )

Nov all of the counter-Buclidian propositions just enumeranted are theorems in




the tvo-dimensional non~Euclidian bivoler elliptic geomstry of Riemann. In fact,
211l theorens of that geometry will fit precisely (so far ﬁs vrecision is poesible)
the configurations of the vismal field, Ve could (but ehall not %ry to do eo
here) present a rigorous axiomatic formoletion. To those familier with this type
of non-Enclidian geometry, the remorks above schould b sufficient pcroot that it
describes ded rigoronsly asdmesbesedy the goometry of the pure visual f1eld 4n
monoculayr vieion.
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Standard trectments of non-Euslidian geometry nsumally sugzest tizat theso
geometries are not incompatible with sonse experience by two iines of argument. It
is pointed oat that wo night conceivably find, as we mads diroct measureménts of
larger md larger objects, that Euclidien lawe began to fail: that, for exarple,
sufficlently large triangles had noticeadly more than two right angles as thse sum

~ of their interior angles. Or,sccondly,we are told of Euclidien modsls, - hyperbolic

saddle-shoped surfaces, or the surfece of a ephere - of vhich, provided we redefine
our terms, the non-Znclidian geometries wonld hold. The first line of argument does
not snggest a "natural® or cormon sense apvlication of non~Enclidian geometry
becanse (with tie possible exception of soms of the evidence for relativity), no
one baa found the kind of empirienl evidence reqaired. Givenstreight, rigid bodies
as neasare standards, and wollecalibrated theodolites, the evidence eonforms to the
view that &&(ﬁ' gt'rianglen in three dimensionsl space atout us have interior angles
edding up to two right angles, and belonz to a Euclidden geomatry. The gecond
suggeation serves well enough as a e‘g:m })roof bat it M suzgests a |
natural or ordinary epplicetion of non-Buclidian geometry since the surfacd of a
syhere belongs to solid Bnclidian geonetry, eand it wald be pointless to begin calling
arcs of great ciroles "straight lines”, when it‘aeoma obvious that they cre curved
and not straight. |

In contraot to these ways of rel-tinz elliptical geometry to sense experisnce,

the preceding section suggests a domain of objects which is constangly aveiladle to

every norpal person, where the words "line", "amgle", "straipght®.cc--: "circle”,
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Ttrisngle", "rectangle”, ote., have established ordinery uses, where oven withond
insiruments we can moke reasonably good judgements of comparative (visuel)
nagaltudes, and wvhere the axioms and theorems of two-dimensional bipoler ellipticel
geomotry vay be found immediately and incontrovertidbly true.  Any normal men ean
egrea that vispelly the two mils of the railrced track traly eppeartoto neet in
two placen, though they also truly agoenx commletely atreight, He con distingsuish
very woll vhether a line segment eppaara strodght to tho vision, or bent, or
curved, £nl ho can te3) with falr accovucy Uﬂu*huﬂ a iy, ingso apya&rm oanayo,
zectuugular. circular. ete. Cur defmnitionsm'e entirely compctible with the
ordinery nse of such terms with respoct to visuzl imagea.
111
That there is tho goometry of the pure visual field 48 a dosble ellintic
g@omatry 8oons 0o obvious once one grasps it, thaot one fesls that this must Bove
‘n:aen recognized, even token for granted, by previous thinkers who have apen'% .m'uch
tina on the relationship between geometry and vision. TYet, if this thesis has becn
inointed oat, I have been onable @ yet to find out whe::fre.9 The meience of optice
azd.aalt extenaively with the notion of lighi waves travelling in stvreight lines in
'threg-space from obdect o eye. It often, but not always, even %rected the imz e
fo'und. on the retine as e spherical surface; but all of this was snot from the voint
! of viow of what the perceiver actually perceivas in the visnal field, but from that
of whet an outaide observer might find to bo the configarations of light rays, or those
on the syedall of the percoiver. Again, much wns dons with perspective. Painters
learned to look ot objects before thom as tuo-dirmensional arrangenents of color patches,

But the purpose of the peimter wes to utilize vhat he thus saw $0 arrange physicsl

paint on a flot Buelidlen plone (his canvas). Thus lows of rerapective are foroulnted

in terms of Zuclidiar geomefry. Thoy worked well onoogh for the painterts vurnose

Cinrow e’y

10 mnim arrapgenents on his flat physicrl canvag - wit houﬁﬁmedin.‘, to note thot

vioaver gdse:ved this canves would actually sée $ta linos and shrpes in theiyr vignal

fidld, es in conformity with non Zpslidian laws.

ﬂ : One_pisht WQQ_ t Berleler wopld hnve rocos enized the thesis hero
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/% Since writing this paper, I ha dl‘uc.mas Teid’s chapter on the JCeomany of
' Visibles" in his Wthe_ﬂm_nm, vhich anticipates onr account largely.
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presented in his . lie taka his pronoance-

ment early in the essay that "Distance, of itself and inmedietely, can not be

soon® §i¢ (Cf. 82) as his vay of saying that he is deeling with two-dimensional
visual arees of colors, mthout.considemtibn of a third dinension, Yet Ms'easay
rejects any significant connection Wetween the field of vision end geonetry. Re

holds that "visible firgures® are "not the objects of » cometyry”, bdecause visible
extensions have "no settled Asterminete greatneas." as do tangibly extonded objects.

To have a geometry, ho holds, one nust have a common mnit of messore. But measurements
are always nade, he says, by laying tangidle extension mpon tengible extension (Cf.
8151).

Erast liach, in Spece opd Geomatxy (1906) elao passed over the geometry of
pure visual space for reasons mather close to those of Berksley. He hed a strong
tendency to identify "apace® with three-dimena:‘;onél Zuclidesn space, in spite of
his respect for noNuclidean geometers. He sald,

Seldon have thinkers becore so zbsorbed in ravery, or co far estranged
from reality, a8 to imagine for car space a numder of dimensions excesdine

the throo pimemwmyw of the siven spece of gengs, or to coneive of represent-
ing that space by any geometry that departs appreciably fror the Zuclidean.

(Space and Geometry, p 135)

4pd this tendency wae closely connocted with his argaments that "Geometrie
concepts are the product of the idealizetion of physical experiences of space."(p 94)./
Ee insists that metrical propertiss of etraighe lines dsperd upon expveriences vith
physical,t angitle,objecta.
leasuratient is experlence involving a physical reaction, and exveriment
of superimpostion. Visualized or imegined lines having different directions
and lengths cannot e applied to one another forthwith. The possibility of
of such a procedure must be actnelly experienced with ratérial obJecta

eccounted as unelterable. (p. 62)

Both Mach and Barkeley thus i-ejected a geametry of the pure visnal field on
the grounds that there is no way of determining metrical quantities there. Bat this
ground we have shown clearly false. Vs can conastract simole instrunents which will
vrovide a fixed standard of the visuel widths or distasnces between points 1n the

pure visual field, e.g., a pilece of cardboard on which angles hove been meried off

aroynd a central point held to the eye. Sach instruments, nnlike ruler and compess,
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do not involve physical, or t ectils, contact with the‘ ocbjects neasured. Yet tlhny
provide fixed standards of visnal distaace, and uhlike rulers, even permit units
of distance tied to abeolute, (i.e., purely gaomtrical) magnitudes ~ such as the
magniiude a straight visnel line mekes upon retarning upon itself (i.e., 360° of
visual angle). Tho fact that such instraments are three-dimensiorel does not affect
the tvo-dimensionelity of the viswal field any more than the vse of a three~dimensional
compass or ruler compronises the two-dimensionality of Zhelideen plane geomatry.v
Indeed, theorstically thé use of such three-dimendional alds is inessentinl, they
are but props and checks for our too limited sersory retention and acuity.
Thus it geenms clear thet tho pure visuel field has metrical ‘pr'operties that can
Ye messured precisely, and thsTboth Mach and Berkeley avparently overlooked this,
Mach did indeed see some of tho characteristics of tho visual field that
we have nentioned.
Tha space of Zuclidean Geometry is everywhers and in all directions
constituted alike; it is anboonded and infinite in extent. On the other
hand the space of sight, or "visual space", as it has been termed by

Johanaes Muller and Hering, is found to be psithar constitnted everyvhere
and in 2ll dimctions al¥ke, nor infinite ir extent and andounded.

Space end Ceometry, P. 5

Thus he recognized that vienel epace was finite and unbounded, a characteristic
of Hiemannian space. Sﬁll, in speal:inz of i%s heterogensity, Mach wes clearly
concerned with peychological vaSiations rather than geometrical properties. He
meantioned the different "feslinge" which are zesoclated with "upneas"and "downe
ness", "rightness® and "leftness®, and "nearnesa" and "farnoes®, as facts vhich
showed the heterogenéity of visuml space. (B.g., we do not recognize a coxﬁplex
visnal form, like a face, when it is upside down). But such considerations are
quite irrelevant; granted the ability to measuve viaua_l dietancea we ignore such
pesyhigolozicalfeelings” and concentrate on metrical relstionshipe between visual
polints end areas.

Russall end Hicod might also have been ezp_ected to recognize the geometyy of

tho pure visual field. Ficod's Ggometry end the Sensible Vorld wes very close in
spirit to Hussell's theory of perspectives, and Yoth writers conceived of constructing

ol
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an external world from claases of perspectives, or momenté.ry visuel fiélds.

such as wight bo perceived by single individaals. But the ageonatry of these
visnal flelds ves paesed over rather lightlym by both authors. Nicod indieated,
o8 lach had, thot he recoznized certain non-Epclidean aspects o‘f t!‘ze_ visu‘al field.
Zat neither he nor Hnssell explicitly recogaized that o compl«;;;;::;cnplification
of a non-Enclidean georetry was at hand,

There have been some developments in the last twanty years in psychology
in vhich visonl ppace has besn linked with non-Euclidesn goonetzd. Hudolvh

Luneverg, in his kethemntice) Apalysis of Binocmlar Vigion (Princeton, 194%)

holds that perceived space is non-Buclidean. But his arsument is based on
certain experimments dealingz solely with binocalar aisjmrity of imnges, and
peys noh attention to the nmore general properties of visual distonce ond size
in monocular viskon thet we have considered. Further the tyre of geonetry hs
ascribes to visaual svace is hyperbolic, rather than ellivtie, and thuns apparently
ignores complotely the kinds of facts we have discussed above. luch cldsor to
an ectuzl statement of our thesis is a passage by Gibsen:
"It i3 interesting to note that if we could combine all these
two dioensional projections of a three dimensionnl visual world 4into
a single scene, wo would obtain e two dimeneional spece, in the geo-
metrical 'sanae, vhich is non-ZEuclidean.
"It would have the propsrties of the thsorstical spoce defined by
the surface of a sphere considered s n twn-dimensional surface, 1.e0., it
wonldi be boundless and yet finite, and it would return upon itself.

«++ @ point which treces a stroight line vill eventunlly come veck to
the position from which it started..."

James J. Gibsen, The Percention of tho Physical Yorld, 1950, pi122, [

Yet the fact that Gibson views such a geometry as the rosult of hypothetical
process of ‘combining all two~dimensional projections ...into a gingle scene”,
rather than as a geometry divectly applicable to irvedinte vieual objects -~ as wll
as the fact that this view is nenticned only briefly on two or tkhree pagos in the

vhole book - suggests thet the full significance of his staterents are not reeognized.
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Among the thilosophical problems sugzosted by the £inding that the
purs visoal fisld follows the lawe of elliptic geonetry are the £olloving:
Granted that Bnolidean Geometry, as » formal system with o standard interpretation,
1s tied to tectile or physical measurements of length as Berimley and iach supposed,
it maly visoal paresptiom forms conform to noMucudean goeunetry, why or on
wvhat groands, doeu man believe normnlly that “yeall 8pace is Euclidean? How,
or vhy, given,non-Euoliann visual configurations do we translate these into
perceptioms of odbjects es thres-dimensionel and Zuclideant Grented that the standard
laws of interposition, perallax or binoculer displacerment, and so on, provide
Peloss®, why is the geomtry of viskon snbordinatad to zhe geometry of touch?
vhat is sugzested about the criterion of "raalﬂ ":2}:::&; are apt to eay that
real things conform to the laws of Euclid in our ordinary world? Our thesis is
not without ite implicatioms, I think, either in netaphysics, or epistenology,
or in the aﬁalyeie of langaage,

Valls Collage
Aurora, I.Y.




